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Abstract

Navier–Stokes equations have fundamental properties such as the invariance under some transformations, called symmetries,
which play an important role in the description of the physics of the equations (conservation laws, wall laws, . . . ). It is essential
that turbulence models do not violate these properties. An analysis of a large set of subgrid models, according to the respect of the
symmetries of Navier–Stokes equations is then done. As this analysis reveals that only few of the existing models are consistent
with the symmetries, a new class of compatible models is proposed. This class is refined such that the models also respect the
second law of thermodynamics. Finally, it is shown that this thermodynamic requirement leads to the stability of the model.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Currently, there exists a large number of turbulence models based on various mathematical or physical hypothesis
(see [1]) for large-eddy simulation (LES). While many of these models give encouraging results, a major portion fail
to meet natural and fundamental properties of Navier–Stokes (NS) equations and other mechanical principles, as we
will see later.

It is accepted for a long time that Galilean invariance, which is a symmetry of Navier–Stokes equations, should be
preserved by any turbulence model. Later, Speziale [2] was the first who recognized that the two-dimensional material
indifference, which is another symmetry of the equations, is a key property that any subgrid-scale model should have.
He has been followed by many authors such as Fureby and Tabor [3] and Wang [4,5].

Galilean invariance and the 2D-material indifference are two of the symmetry properties of NS equations. Indeed,
NS equations have other transformations, called symmetries, which leave the equation and the set of solutions un-
changed. Symmetries play an important role in turbulence. According to Nœther’s theorem [6,7], each symmetry of
a Lagrangian corresponds to a conservation law. For instance, in classical mechanics, if the Lagrangian has a time
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translation invariance property then the energy is conserved along the trajectory. Notice that, even if NS equations do
not derive from a Lagrangian, it is possible to apply Nœther’s theorem to them (see [8]), by extending the equations
[9,10]. Next, symmetries permit to reduce the equations and to calculate self-similar solutions i.e. exact solutions
which are unchanged when the symmetry transformation is applied [11]. Self-similar solutions constitute a powerful
tool for the study of the equations. For example, Oberlack used them to derive classical and new turbulent scaling
laws, such as algebraic and logarithmic laws few years earlier [12,13]. Such scaling laws was proved to be in a good
agreement with experimental data and simulation results in many articles [12–15]. Next, Grassi et al. calculated self-
similar solutions which represent vortex solutions of the NS equations [16]. Ünal used also this approach to show that
the NS equations may admit solutions having the 5/3 spectra of Kolmogorov [17]. Finally, notice that self-similar
solutions give an information on the behaviour of the solutions at a very large time (see [18]).

To preserve the properties of the Navier–Stokes equations (self-similar solutions, conservation laws, . . . ) when ap-
proximating the solutions by RANS (Reynolds-Averaged Navier–Stokes) or LES (Large-Eddy Simulation) approach,
the symmetries of the NS equations should not be violated by the turbulence model. Oberlack was the first who con-
sidered all the symmetries of Navier–Stokes equations when analyzing subgrid-scale models [19]. In his paper, he
analysed a variety of standard models and concluded that many of them do not respect the invariance properties.

Beside symmetries, another property that turbulence models should admit is the consistency with the second law
of thermodynamics. Unfortunately, many common models, such as the popular dynamic model [20], violate this
principle, since they may induce a negative dissipation. Further, as it will be shown below, the conformity with this
principle leads to the stability of the model.

The aim of this article is to expand the work of Oberlack in [19] by extending the symmetry analysis to a wider class
of turbulence models, and next, to present a way of deriving new subgrid-scale models which, on one hand, preserve
the symmetries of NS equations and, on the other hand, is conform to the second law of thermodynamics. This paper
will be structured as follow. In Section 2, the symmetries of the Navier–Stokes equations will be revisited. This will
be followed by a recall of some common models in Section 3. These models will then be analysed in Section 4
using the symmetry approach. In Section 5, a new class of subgrid models verifying the symmetry properties will be
developed. Finally, in Section 6, this class will be restricted to models which are compatible with the second law of
thermodynamics and it will be shown that this law leads to the stability of the new class of subgrid-scale models.

2. The symmetry group of Navier–Stokes equations

Consider a 3D incompressible Newtonian fluid, with density ρ and kinematic viscosity ν. The motion of this fluid
is governed by Navier–Stokes equations⎧⎨⎩

∂u

∂t
+ div(u ⊗ u) + 1

ρ
∇p = div T,

divu = 0,

(1)

where u = (ui)i=1,2,3 and p are respectively the velocity and pressure fields and t the time variable. T is the tensor
such that ρT is the viscous constraint tensor. It can be linked to the strain rate tensor S = (∇u + T∇u)/2 according to
the relation:

T = ∂ψ

∂S
,

ψ being the positive and convex “potential” defined by:

ψ = ν tr S2.

Let us set some definition related to symmetry group theory. Let y = (t,x,u,p) where x = (xi)i=1,2,3 is the space
variable. To simplify, we designate (1) by

E(y) = 0. (2)

A one-parameter transformation is a transformation

Ta :y �→ ŷ = ŷ(y, a)
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which depends continuously on a real parameter a. Ta is called a symmetry of (2) if

E(y) = 0 ⇐⇒ E(ŷ) = 0.

In other words, a one-parameter transformation is a symmetry of (2) if it leaves the equations unchanged (form
invariant). In addition, it allows to map a given solution of (2) to another solution.

The set of the symmetries of (2) constitutes a (local) one-parameter group, called a symmetry group of (2). Assume
that the neutral element of this group, the identity transformation, corresponds to a = 0 (in other words, the group is
additive), then, the group is characterized by the variation of y under Ta around a = 0, which is represented by the
following vector field or infinitesimal generator:

X = ∂ŷ

∂a

∣∣∣∣
a=0

=
∑

i

ξi

∂

∂yi

,

where y = (yi)i and ξi = ∂ŷi/∂a|a=0. More precisely, X is defined by:

X :f ∈ C∞ �−→ Xf =
∑

i

ξi

∂f

∂yi

.

Knowing X, the expression of Ta can be calculated using the relations:

∂ŷi

∂a
= ξi(ŷ) and ŷ(a = 0) = y.

Finally, it can be shown that the condition (2) is equivalent to (Lie’s fundamental theorem, see [21]):

E(y) = 0 ⇐⇒ XE(y) = 0.

Thanks to this last condition, Pukhnachev could calculate the infinitesimal generators of NS equations which are [22]:

X0 = ∂

∂t
,

Y0 = ζ(t)
∂

∂p
,

Xij = xj

∂

∂xi

− xi

∂

∂xj

+ uj

∂

∂ui

− ui

∂

∂uj

, i = 1,2, j > i,

Xi = αi(t)
∂

∂xi

+ α̇i(t)
∂

∂ui

− ρ xi α̈i(t)
∂

∂p
, i = 1,2,3,

Y1 = 2t
∂

∂t
+

3∑
j=1

(
xj

∂

∂xj

− uj

∂

∂uj

)
− 2p

∂

∂p
,

where ζ and α = (αi)i are arbitrary functions and the symbol dot ( ˙ ) stands for derivative.
Until now, we considered symmetries which act on the variables t , x, u and p. It is also possible to consider

symmetries which, in addition to these variables, act on the parameter ν of the flow, i.e. having the following form:

(t,x,u,p, ν) �→ (t̂ , x̂, û, p̂, ν̂).

Such a symmetry, called equivalence transformation, takes a solution of the NS equations into a new solution of the
NS equations with a different value of ν. Doing so, we obtain an additional infinitesimal generator [23]:

Y2 =
3∑

j=1

xj

∂

∂xj

+
3∑

j=1

uj

∂

∂uj

+ 2p
∂

∂p
+ 2ν

∂

∂ν
.

From the above generators, the symmetry group of the NS equations can be obtained. It is spanned by the following
symmetries:

• the time translation which corresponds to X0:

(t,x,u,p) �→ (t + a,x,u,p), (3)
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• the pressure translation generated by Y0:

(t,x,u,p) �→ (
t,x,u,p + ζ(t)

)
, (4)

• the rotation corresponding to the three Xij ’s:

(t,x,u,p) �→ (t,Rx,Ru,p), (5)

• the generalized Galilean transformation characterized by the three Xi ’s:

(t,x,u,p) �→
(

t,x + α(t),u + α̇(t),p − ρx · α̈(t) − 1

2
ρα(t) · α̈(t)

)
, (6)

• the first scaling transformation corresponding to Y1:

(t,x,u,p) �→ (
e2at, eax, e−au, e−2ap

)
, (7)

• and the second scaling transformation corresponding to Y2:

(t,x,u,p) �→ (
t, eax, eau, e2ap, e2aν

)
. (8)

In these expressions, R is a constant rotation matrix, i.e. RTR = Id and det R = 1, Id being the identity matrix. Note
that space translations can be obtained from (6) by choosing α constant and the classical Galilean transformation by
choosing α linear in t . The first scaling transformation (7) shows how the velocity and the pressure are affected when
the spatio-temporal scale is multiplied by (ea, e2a), and the second scaling transformation (8) shows the consequence
on the velocity and the pressure of a spatial scale change.

The method above of calculating the symmetries is an application of Lie theory (see [7] or [21] for a more rigorous
and more complete presentation). The NS equations admit other known symmetries which are not one-parameter
symmetries and which could not be calculated by the same method. They are

• the reflection:

(t,x,u,p) �→ (t,	x,	u,p), (9)

where

	 =
(

ι1 0 0
0 ι2 0
0 0 ι3

)
with ιi = ±1, i = 1,2,3,

• and the material indifference in the limit of a 2D flow in a simply connected domain [24]:

(t,x,u,p) �→ (t, x̂, û, p̂), (10)

with

x̂ = R(t)x, û = R(t)u + Ṙ(t)x, p̂ = p − 3ωϕ + 1

2
ω2‖x‖2,

where R(t) is a 2D rotation matrix with angle ωt , ω an arbitrary real constant, ϕ the usual 2D stream function
defined by:

u = curl(ϕe3),

e3 the unit vector perpendicular to the plane of the flow and ‖ · ‖ indicates the Euclidean norm.

Notice that other kinds of symmetry exist, such as symmetries (called Lie Bäcklund or generalized symmetry
transformations, [7,21]) which explicitly include the derivatives of the dependent variables u and p. They are out of
the consideration of this article.

The symmetries have an important role, as seen in the introduction. In some extent, they contains the physics of
the equations. So, turbulent models have to respect them, otherwise fundamental properties of the flow are lost during
the modelling.

In the next section, we remind some standard models using large-eddy simulation approach, in order to analyse
them later according to the respect of the symmetries.
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3. Common subgrid models

Large-eddy simulation method consists in reducing the computation time by dropping the small scales of the
unknowns. This is done by using a filter. The large or resolved scales φ̄ of a quantity φ are defined by the convolution:

φ̄ = G ∗ φ,

where G is the filter kernel and the small scales φ′ are given by

φ′ = φ − φ̄.

The velocity and the pressure (u,p) are then approximated by (ū, p̄). To obtain (ū, p̄), Eqs. (1) are filtered. This leads
to: ⎧⎨⎩

∂ū

∂t
+ div(ū ⊗ ū) + 1

ρ
∇p̄ = div

(
T + Ts

)
,

div ū = 0,

(11)

where Ts is the subgrid stress tensor defined by Ts = ū ⊗ ū − u ⊗ u which must be modeled to close the equations.
Currently, a very large number of models exists. Some of the most common ones will be reminded here. They will be
classified in four categories: turbulent viscosity, gradient-type, similarity-type and Lund–Novikov-type models.

3.1. Turbulent viscosity models

Turbulent viscosity models are models which can be written in the following form:

Td
s = νsS,

where the superscript (d ) represents the deviatoric part of a tensor and is defined by:

Q �→ Qd = Q − 1

3
(tr Q)Id

and νs is the turbulent viscosity.
Smagorinsky model (see [1]) is one of the most widely used models. It uses the local equilibrium hypothesis to

calculate the turbulent viscosity. It has the following expression:

Td
s = (CSδ̄)2

∣∣S∣∣S, (12)

where CS 
 0.148 is the Smagorinsky constant, δ̄ the filter width and |S| =
√

2 tr(S2).
In order to reduce the modelling error of the Smagorinsky model, Lilly ([20]) proposes a dynamical evaluation of

the constant CS by a least square approach. This leads to the dynamic model:

Td
s = Cdδ̄2

∣∣S∣∣S, with Cd = tr(LM)

tr M2
. (13)

In these terms,

L = ˜̄u ⊗ ˜̄u − ˜̄u ⊗ ū, M = δ̄2
∣̃∣S∣∣S − ˜̄δ2∣∣̃S∣∣̃S,

where the tilde ( ˜ ) symbolizes a test filter, with a filter width ˜̄δ.
The last turbulent viscosity model which will be considered is the structure function model.
Métais and Lesieur [25] make the hypothesis that the turbulent viscosity depends on the energy at the cutoff,

knowing that there is a relation between the energy density in Fourier space and the second order structure function

f2(x, r) =
∫

‖z‖=r

∥∥u(x) − u(x + z)
∥∥2 dz.

Using a dimensional argument and Kolmogorov theory, they then deduce the turbulent viscosity and propose the
structure function model:

Td
s = CSF δ̄

√
F 2

(
δ̄
)

S, (14)
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where F 2 is the function

r �→
∫
R3

f̄2(x, r)dx

and CSF is the constant of the model.
The next category of models which will be reminded is composed by the gradient-type models.

3.2. Gradient-type models

To establish the gradient-type models, one decomposes the subgrid stress tensor as follow:

Ts = ū ⊗ ū − (
ū ⊗ ū + ū ⊗ u′ + u′ ⊗ ū + u′ ⊗ u′).

Next, each term between the brackets are written in Fourier space. Then, the Fourier transform of the filter, which
is assumed to be Gaussian, is approximated by an appropriate function. Finally, the inverse Fourier transform is
computed. The models in this category differ by the way in which the Fourier transform of the filter is approximated.

The simplest approximation of the Fourier transform of the filter is obtained by Taylor series expansions according
to the filter width δ̄:

F(G)(k) = 1 − ‖k‖2

24
δ̄2 + O

(
δ̄4).

Neglecting terms in O(δ̄4) and returning to physical space, one gets the gradient model [26]:

Ts = − δ̄2

12
∇ū T∇ū. (15)

The gradient model is not dissipative enough and not stable [27,28]. Thus, it is generally combined with the
Smagorinsky model. This gives the Taylor model:

Ts = − δ̄2

12
∇ū T∇ū + Cgδ̄

2
∣∣S∣∣S (16)

Cg being a constant.
In fact, the Taylor approximation of the Fourier transform of the filter tends to accentuate the small frequencies

instead of attenuating them. To avoid this accentuation, a rational approximation is proposed [29,30]:

F(G)(k) = 1

1 + (‖k‖2/24)δ̄2
+ O

(
δ̄4).

After returning to the physical space, one gets:

Ts = − δ̄2

12

(
Id − δ̄2

24
∇2

)−1[∇ū T∇ū
] + Cgδ̄

2
∣∣S∣∣S.

To avoid the inversion of the operator (Id − δ̄2

24∇2), Ts is approximated by:

Ts = − δ̄2

12
G ∗ [∇ū T∇ū

] + Cgδ̄
2
∣∣S∣∣S. (17)

The convolution is done numerically. The model (17) is called the rational model.

3.3. Similarity-type models

Models of this category are based on the hypothesis that the statistical structure of the small scales are similar to
the statistical structure of the smallest resolved scales. The separation of the resolved scales is done using a test filter
(symbolized by ˜ ). The largest resolved scales are then represented by ˜̄u and the smallest ones by ū − ˜̄u. From this
hypothesis, we deduce the similarity model:

Ts = ˜̄u ⊗ ˜̄u − ˜̄u ⊗ ū. (18)
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From (18), many other models can be obtained by multiplying by a coefficient, by filtering again the whole expression
or by mixing with a Smagorinsky-type model.

The last models that we will consider are ones which derive from the Lund and Novikov’s model.

3.4. Lund–Novikov-type models

Lund and Novikov include the filtered vorticity tensor W = (∇ū − T∇ū) in the expression of the subgrid model:

Ts = Ts

(
S,W

)
.

Cayley–Hamilton theorem gives then the Lund–Novikov model (see [1]):

−Td
s = C1δ̄

2
∣∣S∣∣S + C2δ̄

2(S2)d + C3δ̄
2(W

2)d + C4δ̄
2(SW − WS

) + C5δ̄
2 1

|S|
(
S2W − SW2), (19)

where the coefficients Ci depend on the invariants obtained from S and W. The expression of these coefficients are so
complex that they are considered as constants and evaluated with statistic techniques.

To reduce the computational cost of the previous model, Kosovic suggests a simplification and proposes the fol-
lowing model:

−Td
s = (

C0δ̄
)2[2∣∣S∣∣S + C1

(
S2)d + C2

(
SW − WS

)]
, (20)

where the constants C0, C1 and C2 are calculated using the theory of homogeneous and isotropic turbulence.
Many other types of models exist. In this article, we only deal with ones which do not introduce new transport

equations.
The analysis of the models presented above is the object of the next section.

4. Model analysis

The NS equations (1) is preserved by each of transformations (3)–(10). We then require that the filtered equations
(11) is also preserved by all of these transformations, since the solution (ū, p̄) of the filtered equations is expected to
be a good approximation of (u,p). More clearly, if a transformation

T : (t,x,u,p) �→ (t̂ , x̂, û, p̂)

is a symmetry of NS equations, we require that the model is such that the same transformation, applied to the filtered
quantities:

T : (t,x, ū, p̄) �→ (t̂ , x̂, ˆ̄u, ˆ̄p)

is a symmetry of the filtered equations (11). When this constraint holds, the model will be said to be invariant under
the symmetry. If the model is invariant under all the symmetries of (1), we may expect to preserve certain properties of
the NS equations, such as conservation laws, wall laws, exact solutions, spectrum properties, . . . when approximating
(u,p) by (ū, p̄).

The symmetries of the filtered equations (11) may be different than (3)–(10). As was first suggested by Speziale
[31] and later extended by Oberlack [19], we require that each symmetry of (1) remains a symmetry of (11), or, in
other words, that the symmetry group of (1) is included in the symmetry group of (11).

We will make the hypothesis that the test filters do not destroy the symmetry properties, i.e.

ˆ̃
φ = ˜̂

φ

for any quantity φ.
For the subsequent analysis, the symmetries of (1) will be gathered in four categories:

– the translations, containing time translation, pressure translation and the generalized Galilean transformation,
– the rotation and the reflection,
– the two scaling transformations,
– and the 2D material indifference.

The aim is to search for those models which are invariant under the symmetries within the considered category.
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4.1. Invariance under the translations

Since almost all existing models are autonomous in time and pressure, (11) remains unchanged when the time
translation (3) or the pressure translation (4) is applied. Almost all models are then invariant under (3) and (4).

Let us now consider the generalized Galilean transformation (6), applied to the filtered variables:

(t,x, ū, p̄) �→
(

t,x + α(t), ū + α̇(t), p̄ − ρx · α̈(t) − 1

2
ρα(t) · α̈(t)

)
.

All models in Section 2, in which x and ū are present only through ∇ū are invariant since

∇̂ ˆ̄u = ∇ ˆ̄u = ∇ū,

where ∇̂ = T(∂/∂x̂1, ∂/∂x̂2, ∂/∂x̂3).
The remaining models, i.e. the dynamic and the similarity models are also invariant because

˜(ū + α̇) ⊗ (ū + α̇) − ˜(ū + α̇) ⊗ ˜(ū + α̇) = ˜̄u ⊗ ū − ˜̄u ⊗ ˜̄u.

4.2. Invariance under the rotation and reflection

The transformations (5) and (9) can be put together in a transformation:

(t,x,u,p) �→ (t,ϒx,ϒu,p),

where ϒ is a (constant) rotation or reflection matrix. This transformation, when applied to the filtered variables, is a
symmetry of (11) if and only if

T̂s = ϒTs
Tϒ. (21)

For the Smagorinsky model, one has:

∇̂ ˆ̄u = [∇( ˆ̄u)]T
ϒ = [∇(ϒ ū)

]T
ϒ = ϒ[∇ū]Tϒ. (22)

This leads to the objectivity of S:

Ŝ = ϒS Tϒ.

And since |̂S| = |S|, (21) is verified. The Smagorinsky model is then invariant under reflection and rotation.
From the similarity model (18), one has:

ˆ̄u ⊗ ˆ̄u = (ϒ ū) ⊗ (ϒ ū) = ϒ(ū ⊗ ū)′Tϒ.

Using these relations, the invariance of the similarity model can easily been deduced.
The same relations are sufficient to prove the invariance of the dynamic model (13) since the trace remains invariant

under a change of basis.
The structure function model (14) is invariant because the function F 2 does not change under a rotation or a

reflection.
Relations (22) can be used again to prove the invariance of all of the gradient-type models.
Finally, since

Ŵ = ϒW Tϒ,

the Lund–Novikov-type models are also invariant.
As a result, any model of Section 2 is then invariant under rotation and reflection.

4.3. Invariance under the scaling transformations

The two scaling transformations (7) and (8) can be combined into the following two-parameter scaling transforma-
tion:

(t,x,u,p, ν) �→ (
e2at, eb+ax, eb−au, e2b−2ap, e2bν

)
. (23)
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The first scaling transformation (7) corresponds to b = 0 and the second, (8), to a = 0. It can be verified that (11) is
invariant under the scaling transformation (23) if and only if

T̂s = e2b−2aTs . (24)

From (23) one may deduce that Ŝ = e−2aS and hence, condition (24) is equivalent to:

ν̂s = e2bνs (25)

for any turbulent viscosity model.
For the most common subgrid-scale model, the Smagorinsky model, we have:

ν̂s = CSδ̄2
∣∣̂S∣∣ = e−2aCSδ̄2

∣∣S∣∣ = e−2aνs .

The condition (25) is violated as well for a = 0 as for b = 0. The model is invariant neither under the first nor the
second scaling transformation. Note that the filter width δ̄ does not vary since it is an external length scale and has no
functional dependence on the variables of the flow. This is one of the results of Oberlack in [19]. Further therein, it is
shown that the dynamic procedure used in (13) restores the scaling invariance. Indeed, it can be shown that:

Ĉd = e2b+2aCd.

Thus:

ν̂s = Ĉd δ̄2
∣∣̂S∣∣ = Cdδ̄2

∣∣S∣∣ = e2bνs .

The dynamic model is then invariant under the scaling transformations.
For the structure function model, we have:

F̂ 2 = e2b−2aF 2

and then

ν̂s = eb−aνsm,

which proves that the model is not invariant under (23).
Further, since

∇̂ ˆ̄u = e−2a∇ū

the gradient model (15) violates (24), Ts varying in the following way:

T̂s = e−4aTs .

This also implies that none of the gradient-type models is invariant under the scaling transformations.
Next, it is straight forward to show that the similarity model (18) verifies (24) and hence is invariant.
Lastly, the Lund–Novikov-type models are not invariant, since they contain a term similar to the Smagorinsky

model, which is not invariant under (23).
In fact, in [19], Oberlack proved that no model where the external length scale δ̄ appears explicitly is invariant

under the scaling transformations. Note that the dynamic model can be written in the following form:

Td
s = tr(LN)

tr(N2)

∣∣S∣∣S,

where

N = ∣̃∣S∣∣S − ( ˜̄δ/δ̄)2∣∣̃S∣∣̃S.

It is then the ratio ˆ̄δ/δ̄ which is present in the model but neither δ̄ alone nor ˆ̄δ alone.
In summary, the dynamic and the similarity models are the only invariant models under the scaling transforma-

tions. Though the scaling transformations have a particular importance, as mentioned in the introduction. One other
interesting point is that, unlike the similarity model (18), the gradient model (15) is not invariant under the scaling
transformations. Nevertheless, the gradient model can formally be deduced from the similarity model using a Taylor
approximation [1]. A Taylor approximation may then destroy a symmetry property.

The consequence of the breaking of the scaling symmetries will be discussed later.
The last symmetry of the NS equations to be considered is the material indifference (10), in the limit of 2D flow,

in a connected domain.
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4.4. Invariance under the 2D material indifference

The 2D material indifference (10) corresponds to a time-dependent plane rotation, with a compensation in the
pressure term. We will not write explicitly the dependence on time of the rotation matrix R. A model is invariant if

T̂s = RTs
TR.

The objectivity of S (see Subsection 4.2) directly leads to the invariance of the Smagorinsky model.
For the similarity model (18), we have:

T̂s = RTs
TR + R

(
˜̄u ⊗ x − ˜̄u ⊗ x̃

)T
R + Ṙ

(
x̃ ⊗ ū − x̃ ⊗ ˜̄u)T

R + Ṙ
(
x̃ ⊗ x − x̃ ⊗ x̃

)T
Ṙ.

Consequently, if the test filter is such that(
˜̄u ⊗ x − ˜̄u ⊗ x̃

) = 0,
(
x̃ ⊗ ū − x̃ ⊗ ˜̄u) = 0,

(
x̃ ⊗ x − x̃ ⊗ x̃

) = 0, (26)

then the similarity model is invariant under the 2D material indifference. All filters do not have this property. For

instance, it can be shown (see [8]) that, for the usual box filter, these terms are respectively in the error order O( ˜̄δ),
O( ˜̄δ) and O( ˜̄δ2

).
Under the same conditions (26) on the test filter, the dynamic model (13) is also invariant.
Next, the structure function model (14) is invariant if and only if

F̂ 2 = F 2. (27)

Let us calculate F̂ 2. Let ūz be the function x �→ ū(x + z). Then

F̂ 2 =
∫

‖z‖=δ̄

∥∥(Rū + Ṙx) − (Ruz + Ṙx + Ṙz)
∥∥2

dz =
∫

‖z‖=δ̄

∥∥ū − ūz − TRṘz
∥∥dz.

Knowing that TRṘz = ωe3 × z, we obtain:

F̂ 2 = F 2 + 2πω2δ̄3 − 2ω

∫
‖z‖=δ̄

(ū − ūz) · (e3 × z)dz.

Condition (27) is violated. So, the structure function model is not invariant under the 2D material indifference.
For the gradient model, we have:

∇̂ ˆ̄u = R∇ūTR + ṘTR, T∇̂ ˆ̄u = R T∇ū TR + R TṘ. (28)

Let J be the matrix such that ṘTR = −ωJ = −R TṘ or, in a more explicit form:

J =
(

0 1
−1 0

)
.

Then,

̂(∇uT∇u
) = R

(∇uT∇u
)T

R + ωR∇ū TRJ − ωJR T∇ūTR + ω2Id.

The commutativity between J and R finally leads to:

T̂s = RTs
TR + ωR

(∇ūJ − JT∇ū
) + ω2Id.

This proves that the gradient model is not invariant under the 2D material indifference.
The other gradient-type models inherit the lack of invariance of the gradient model.
It remains the Lund–Novikov-type models to be investigated. We will begin with the Kosovic model (20) since it

is simpler. The first two terms of (20) are invariant. For the vorticity tensor, it follows from (28) that:

Ŵ = RW TR − ωJ.
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Thus,

ŜŴ − ŴŜ = R
(
SW − WS

)T
R − ωR

(
SJ − JS

)T
R

using again the commutativity between J and R. As for them, S and J are not commutative. In fact, using properties
of S, it can be shown that SJ = −JS. This implies that

ŜŴ − ŴŜ = R
(
SW − WS

)T
R − 2ωRSJ TR (29)

which shows that Kosovic model is not invariant under the 2D material indifference.
Lastly, we consider the Lund–Novikov model (19). We have:

Ŵ
2 = RW2 TR − ωR

(
JW + WJ

)T
R − ω2Id.

Since W is anti-symmetric and the flow is 2D, W is in the form:

W =
(

0 w

−w 0

)
.

A direct calculation leads then to

JW = WJ = −wId

and

Ŵ
2 = RW2 TR − (2w − ω)ωId.

Let us see now how each term of (19) containing W varies.
From the last equation, we deduce the objectivity of (W2)d :(̂

W2
)d = R

(
W2)d TR.

For the forth term of (19), we already have (29). And for the last term,

Ŝ
2
Ŵ − ŜŴ

2 = R
(
S2W − SW2)T

R − ωRS2 TRJ − (2w − ω)ωRSTR.

Putting these results together, we have:

T̂d
s = RTd

s

T
R − ωδ̄2R

[
2C4SJ − C5

1

|S|
(
S2J − (2w − ω)ωS

)]T

R.

We conclude that Lund–Novikov model is not invariant. This ends the analysis.
Table 1 summarizes the results of the above analysis. “Y” means that the model is invariant under all the symmetries

of the category, “N” the opposite and “Y ∗” that the model is invariant if the conditions (26) on the test filter is verified.
It can be seen on it that only two models among the nine, the dynamic and the similarity models, are invariant under
all known symmetry group of the NS equations. It is not surprising that the similarity model is invariant since it has a
similar form to the real subgrid stress tensor, if it is assumed that the test filter do not destroy any symmetry property.
As for the dynamic model, in fact, the dynamical procedure restores the scale invariance of any model [8].

The breaking of symmetries has negative consequences on the ability of the model in correctly representing the
flow. For example, when the scaling transformations are broken, important self-similar solutions which like wall laws
and vortex solutions cannot be captured. To illustrate this, we will show that the Smagorinsky model which is not
invariant under the first scaling transformations (7) cannot reproduce self-similar solutions of NS equations related to
these transformations.

The invariants with respect to the scaling transformation (7) are

η = x

t1/2
, u∗ = u

t−1/2
, p∗ = p

t−1
. (30)

These quantities are invariant in the sense that when the transformation (7) is applied to them, they are not altered:

η̂ = η, û∗ = u∗, p̂∗ = p∗.
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Table 1
Results of the model analysis. Y = invariant, N = not invariant, Y ∗ = invariant if (26) is verified

Translations Rotation,
reflection

Scaling
transformations

2D material
indifference

Smagorinsky Y Y N Y
Dynamic Y Y Y Y ∗
Structure function Y Y N N

Gradient Y Y N N

Taylor Y Y N N

Rational Y Y N N

Similarity Y Y Y Y ∗
Lund Y Y N N

Kosovic Y Y N N

Taken as the new variables, these quantities permit to reduce the NS equations. Indeed, when we introduce the fol-
lowing expressions

u = t−1/2u∗(η), p = t−1p∗(η) (31)

in the NS equations, we obtain a new equation where the number of variables is reduced:

−1

2
u∗ − η∇ηu

∗ + divη(u
∗ ⊗ u∗) + 1

ρ
∇ηp

∗ = ν divη S∗. (32)

In this equation, ∇η and divη are respectively the gradient and the divergence operators according to η and S∗ =
(∇ηu + T∇ηu)/2. By applying successive reductions, one finds self-similar solutions of the NS equations. It is such a
reduction approach which was used by Ünal to show that the NS equations may have solutions owning the 5/3 spectra
of Kolmogorov [17]. Oberlack, applied the reduction approach to the statistical equations to obtain scaling laws [12].
The reduction with other symmetries leads also to interesting results such as vortex solution of the Navier–Stokes
equations [16].

When Smagorinsky model is used, the reduction according to the scaling transformations (7) leads to the following
equation

−1

2
ū∗ − η∇ηū

∗ + divη(ū
∗ ⊗ ū∗) + 1

ρ
∇ηp̄

∗ = ν divη S∗ + t−1 divη

[(
CSδ̄

)2∣∣S∗∣∣S∗]. (33)

This equation has not been reduced because there is still a dependence on the old variable t . We conclude that
Smagorinsky model is not able to capture the self-similar solutions of the NS equations of the form (31), such as
the self-similar solutions found by Ünal. This behaviour of Smagorinsky model is also transfered to all statistics
equations. Consequently, this model cannot capture the scaling laws of the NS equations proposed by Oberlack. In
particular, since the wall laws are lost, the use of wall functions may be necessary in order for the model to represent
correctly the flow near the wall.

More generally, most of subgrid models (like all of those presented here) are altered in the following way by the
scaling transformation (7):

T̂s = enaTs , (34)

where n is a real constant. For these models, there exists a tensor T∗ which is invariant under the first scaling transfor-
mation such that

Ts = t−n/2T∗. (35)

With this relation, one obtain the following equation

−1

2
ū∗ − η∇ηū

∗ + divη(ū
∗ ⊗ ū∗) + 1

ρ
∇ηp̄

∗ = ν divη S∗ + tn/2+1 divη T ∗. (36)

Consequently, the model is able to capture the self-similar solutions of the NS equations only if n = −2. This is
also the invariance condition under the first scaling transformation (condition (24) with b = 0). As conclusion, only
invariant models can capture the self-similar solutions of the NS equations relative to the first scaling transformation.
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As told above, the dynamic and the similarity models are invariant under all the symmetries of the NS equations.
However, these both models have the inconvenience that they necessitate the use of a test filter. Rather restrictive
conditions such as (26) are then needed by these models to preserve the symmetry group of NS equations. In addition,
the dynamic model does not satisfy the second law of thermodynamics since it can induce a negative dissipation.
Indeed, ν + νs can take a negative value. To avoid this, an a posteriori forcing is generally introduced (see, for
example, [1]). In practice, it means that when ν + νs is negative, νs is given a value slightly larger than −ν:

νs = −ν(1 − ε),

where ε is a positive real number, small against 1.
Face to this lack of invariance of the existing subgrid-scale models and due to the non-conformity with thermody-

namical principles, we propose in Section 5 a way of deriving models which respect the symmetry group of the NS
equations and in Section 6 models which verify in addition thermodynamics requirements.

5. Invariant subgrid models

Assume that S �= 0. Let Ts be an analytic function of S and eventually other scalar quantities which are invariant
under the symmetry group of the NS equations and on which we do not write the dependence for the moment. Hence,
we have:

Ts = F
(
S
)
. (37)

By this way, the invariance under transformations (3), (4), (6) and the reflection (9) is guaranteed. From this, the
Cayley–Hamilton theorem and the invariance under the rotation (5) lead to:

Td
s = A(χ, ζ )S + B(χ, ζ )Adjd S, (38)

where χ = tr S2 and ζ = det S are the invariants of S, Adj stands for the operator defined by(
Adj S

)
S = (

det S
)
Id, (39)

(Adj S is simply the comatrix of S) and A and B are arbitrary scalar functions. Contrarily to the Lund–Novikov model,
these coefficient functions will not be taken constant.

Remark that Adjd S can be replaced by (S2)d (they are equal when tr S = 0). However, the relation (39) will be
useful in Section 6 and Adj S is computed faster than S2.

Next, Ts is invariant under the first scaling transformation (7) if

T̂s = e−2aTs . (40)

A sufficient condition to verify this relation is that A and B are such that:

A
(
e−4aχ, e−6aζ

) = A(χ, ζ ), B
(
e−4aχ, e−6aζ

) = e2aB(χ, ζ ),

since

Ŝ = e−2aS and Âdj S = e−4a Adj S.

Differentiating according to a and taking a = 0, it follows:

−4χ
∂A

∂χ
− 6ζ

∂A

∂ζ
= 0, −4χ

∂B

∂χ
− 6ζ

∂B

∂ζ
= 2B.

To satisfy these equalities, one can take

A(χ, ζ ) = A1

(
ζ

χ3/2

)
, B(χ, ζ ) = 1√

χ
B1

(
ζ

χ3/2

)
,

where A1 and B1 are arbitrary scalar functions. Finally, if v = ζ/χ3/2 then

Td
s = A1(v)S + 1√ B1(v)Adjd S. (41)
χ
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Relation (41) defines a model which is invariant under the second scaling transformation. A1 and B1 have the
dimension of a viscosity and v is dimensionless. In order to have the proper dimensions, let us introduce the turbulent
subgrid-scale energy q and the dissipation rate ε, defined by:

q = 1

2
u′2 and ε = 2ν tr

[
S′2].

Since q2/ε has the dimension of a viscosity, we can choose that:

A1(v) = q2

ε
A2(v) and B1(v) = q2

ε
B2(v),

where A2 and B2 are dimensionless arbitrary scalar functions.
As mentioned by Oberlack [19], u′ transforms in the same way than ū under the symmetries of the NS equa-

tions, except under the generalized Galilean transformation (6) and the 2D material transformation (10) for which,
respectively:

û′ = u′,
û′ = Ru′

(remark that ¯̂u + u′ must be equal to û). It can then be shown that each symmetry of the NS equations leaves q

and ε invariant, except the two scaling transformations. However, the ratio q2/ε is invariant under the first scaling
transformation. Hence, the final model defined by

Td
s = q2

ε

(
A2(v)S + 1√

χ
B2(v)Adjd S

)
(42)

verify (40) and is then invariant.
It remains the second scaling transformation for which the model is invariant if and only if

T̂s = e2aT.

Since Ŝ = S, q̂ = e2a and ε̂ = e2aε, this condition is automatically verified.
To sum up, relation (42) defines a class of subgrid models which are invariant under all symmetry groups of the

NS equations. In the next section, this class will be refined to models which are consistent with the second law of
thermodynamics.

6. Consequences of the second law of thermodynamics

Ts represents the energy exchange between resolved and subgrid scales. It generates certain dissipation, which,
however, may take a negative value (in the case of a backscatter). Nevertheless, in order to respect the second law of
thermodynamics, we must ensure that the total dissipation (sum of the molecular and the subgrid dissipations) remains
positive.

On molecular scale, the viscous constraint is:

ρT = ρ
∂ψ

∂S
,

where ψ = ν tr S2 = νχ is a “potential”. This “potential” form is important because the convexity and positivity of ψ

ensures that the molecular dissipation is positive:

Φ = ρ tr(TS) � 0.

The tensor Ts can be considered as a subgrid constraint generating dissipation

Φs = ρ tr
(
TsS

)
.

To remain compatible with the NS equations, we assume that Ts has the same form as T, i.e.:

ρTs = ρ
∂ψs

, (43)

∂S
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where ψs is a “potential” depending on the invariants χ and ζ of S. In this way, the constraint tensor of the filtered
equations, T + Ts , has the same “potential” form as the constraint tensor of the NS equations. This hypothesis refines
class (41) in the following way.

One deduces from (43) that

Td
s = 2

∂ψs

∂χ
S + ∂ψs

∂ζ
Adjd S.

Comparing this with (41), we obtain:

q2

ε

1

2
A2(v) = ∂ψs

∂χ
,

q2

ε

1√
χ

B2(v) = ∂ψs

∂ζ
.

Thus, compatibility between the latest two equations requires:

∂

∂ζ

(
1

2
A2(v)

)
= ∂

∂χ

(
1√
χ

B2(v)

)
.

If g is a primitive of B2, a solution of this equation is

A2(v) = 2g(v) − 3vġ(v) and B2(v) = ġ(v). (44)

Then, hypothesis (43) induces the existence of a real-valued dimensionless scalar continued function g such that:

Td
s = q2

ε

[(
2g(v) − 3vġ(v)

)
S + 1√

χ
ġ(v)Adjd S

]
. (45)

Now, let ΦT be the total dissipation. We have:

ΦT = ρ tr
[(

T + Ts

)
S
]
.

Using (41) and (44), it can be shown that ΦT � 0 if and only if

ν + q2

ε
g(v) � 0. (46)

Consequently, if g satisfies the condition (46) then the total dissipation is positive.
In summary, a model belonging to the class (45) with a real continuous dimensionless function g verifying (46) is

a model respecting the symmetry group of the NS equations and is conform with the second law of thermodynamics.
In the next subsection, it will be proved that v belongs to a bounded interval. This property may be important for

the condition (46) because it enlarges the choice of the function g.

6.1. Bounds of v

Because v is a function of the invariants of S, it is independent of the basis. We can then choose a basis in which S
is diagonal

S =
(

λ 0 0
0 λ2 0
0 0 λ3

)
,

where λ,λ2, λ3 ∈ R. As S was assumed to be non-zero, it can be supposed that λ �= 0. Let c = λ2/λ. Since tr S = 0,
we have:

S =
(

λ 0 0
0 cλ 0
0 0 −(1 + c)λ

)
.

Thereafter,

v = det S
2 3/2

= λ3c(1 + c)

2 2 2 2 2 3/2
= c(1 + c)

3/2 2 3/2
.

(tr S ) [λ + c λ + (1 + 2c + c )λ ] 2 (1 + c + c )
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Fig. 1. Aspect of the function h.

The behaviour of the function

h : c �−→ c(1 + c)

23/2(1 + c + c2)3/2

is represented on Fig. 1. A study of its derivative permits to calculate the extrema and to deduce that

|v| � v∗ = 1

3
√

6
.

It proves that if the function g is such that condition (46) is verified for all v ∈ [−v∗, v∗], then the model defined
by (45) respects the second law of thermodynamics.

In the next subsection, we will show that the model we proposed is stable, i.e. have a finite energy. In fact, we
will prove a more general result: any model which is symmetric (TTs = Ts ) and which verifies the second law of
thermodynamics is stable. Note that, since S is symmetric, it is so for Adj S and for any model belonging to the
class (45).

6.2. The second law of thermodynamics and model stability

Assume that the boundary condition is of a Dirichlet-type. After an appropriate change of variables, the filtered
Navier–Stokes equations can be written in the following way:⎧⎨⎩

∂ū

∂t
+ div(ū ⊗ ū) + 1

ρ
∇p̄ = div

(
T + Ts

) + F ,

div ū = 0

(47)

with the boundary and initial conditions:{
ū = 0 on ∂Ω,

ū(0,x) = u0(x) on Ω,
(48)

where Ω is the domain, ∂Ω its boundary, F = F (t,x) a vector arisen from the variable change and tf > 0 the final
time of observation.

The following proposition stipulates that if the model is symmetric and verify the second law of thermodynamics
then the energy is finite.

Proposition 1. Let (ū, p̄) a regular solution of (47), (48) where Ts is a symmetric tensor such that

tr
[(

T + Ts

)
S
]
� 0.
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Then,

∥∥ū(t,x)
∥∥

L2(Ω)
�

∥∥u0(x)
∥∥

L2(Ω)
+

tf∫
0

∥∥F(s,x)
∥∥

L2(Ω)
ds.

Proof. Let us note the scalar product of L2(Ω) by (· , ·).
Testing the momentum equation of (47) by ū and using the boundary condition, we obtain:(

∂ū

∂t
, ū

)
+ b(ū, ū, ū) − 1

ρ
(p,div ū) + (

T + Ts ,∇ū
) = (F , ū), (49)

where b is the trilinear function defined by:

b(r,v,w) = (
div(r ⊗ v),w

)
.

The first term of (49) is equal to:(
∂ū

∂t
, ū

)
= 1

2

d

dt
(ū, ū) = 1

2

d

dt
‖ū‖2

L2(Ω)
= ‖ū‖L2(Ω)

d

dt
‖ū‖L2(Ω). (50)

The second term of (49) vanishes. Indeed, integrations by parts yield:

b(r,v,w) + b(r,w,v) = −(div r,v · w) +
∫

∂Ω

(v · w)(u · n)ds,

where n is the unit normal vector outward to Ω . Knowing that div ū = 0 and ū|∂Ω = 0, it follows that

b(ū, ū, ū) = 0. (51)

Since div ū = 0, the third term of (49) also vanishes:

1

ρ
(p,div ū) = 0. (52)

Next, because T and Ts are symmetric,

(T + Ts ,∇ū) = (
T + Ts ,S

)
. (53)

Lastly, the right-hand side of (49) verifies:

(F , ū) � ‖F‖L2(Ω)‖ū‖L2(Ω). (54)

So, introducing (50)–(53) and (54) in (49), one obtains:

‖ū‖L2(Ω)

d

dt
‖ū‖L2(Ω) + (

T + Ts ,S
)
� ‖F‖L2(Ω)‖ū‖L2(Ω).

Since

tr
[(

T + Ts

)
S
]
� 0,

this equation gives:

‖ū‖L2(Ω)

d

dt
‖ū‖L2(Ω) � ‖F‖L2(Ω)‖ū‖L2(Ω).

Finally, simplifying by ‖ū‖L2(Ω) and integrating on [0, t], one has:

∥∥ū(t,x)
∥∥

L2(Ω)
�

∥∥u0(x)
∥∥

L2(Ω)
+

t∫
0

∥∥F (s,x)
∥∥

L2(Ω)
ds �

∥∥u0(x)
∥∥

L2(Ω)
+

tf∫
0

∥∥F (s,x)
∥∥

L2(Ω)
ds.

This proves that the energy is finite. �
We will end up with some remarks on the model and an example.
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6.3. Remarks and example

For the derivation of the final model defined by (45), it was assumed that S �= 0. It is easy to show that:

‖Ts‖ −→ 0 when
∥∥S

∥∥ −→ 0

since v is bounded. This is an important property in the outer part of a boundary layer flow where ū is constant, ‖S‖ is
naturally zero.

The next remark is that from the turbulence theory, it is known that

q2

ε
= O(�), (55)

where � is the square of δ̄. Hence,

Ts −→ 0 when δ̄ −→ 0.

More precisely, Ts = O(δ̄2). This insures that the solution of the filtered equations (11), with the model (45), tends to
the solution of the initial NS equations (1) when the filter width tends to zero.

For the effective calculation, q and ε can be evaluated from turbulence theory or by using a test filter and approxi-
mating the subgrid scales u′ for example by the smallest resolved scales:

u′ 
 ū − ˜̄u.

We will end up with an example of a model of the class (45). For this, we choose a very simple linear form for g:

g(v) = Cv, (56)

where C is the model constant. The model has then the following expression:

Td
s = C

q2

ε

(
− det S

‖S‖3
S + 1

‖S‖ Adjd S

)
. (57)

C can be evaluated in various ways, for example by a spectral analysis or a dynamic procedure. One other technique
is presented here.

Let 〈εt 〉 be the energy transfer where the operator 〈·〉 stands for an ensemble average. One has:

〈εt 〉 = 〈
tr
[
TsS

]〉 = 〈
2
q2

ε
g tr S2

〉

 〈q〉2

〈ε〉 〈g〉〈2 tr S2〉. (58)

Next, reasoning in the framework of Kolmogorov’s hypothesis, we assume that

〈q〉 = 3

2
K0〈ε〉2/3k

−2/3
c , (59)

where K0 
 1.4 and kc is the cut-off length. Using the local equilibrium hypothesis and some approximations, it
follows that

C ∝ 3C0

c
, (60)

where C0 = (3K0/2)−3 and

c = 〈tr S3〉
〈tr S2〉3/2

.

Finally, from approximations of c in [30] and [2] when kc → 0, one deduces an order of magnitude of C:

C ∝ 0.648.

For a given viscosity ν, the function g, defined by (56), verifies condition (46) when the discretization is fine
enough, because of (55). The model (57) is then conform with the second law of thermodynamics.
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7. Conclusion

We have shown that many existing models do not respect the symmetries of the NS equations. This is prejudicial
for these models because they are not able to capture the information contained in the equations, such as conservation
laws, . . . . Only few models are consistent with the symmetry group of the NS equations (under the condition however
that the eventual test filter has good properties). Among them, some are not compatible with thermodynamic prin-
ciples. To surpass these incompatibilities, we have proposed a new class of models which respect the fundamental
properties of Navier–Stokes equations in the point of view of both symmetry theory and thermodynamics. Finally, we
have proved that the respect of the second law of thermodynamics leads to the stability of the model equation.

Deeper studies could be carried out for the choice of the function g in (45). This could be done using a spectral or a
correlation approach. Razafindralandy, Hamdouni and Béghein carried out a numerical test [32,33] on an invariant and
thermodynamics compatible model (with a different form from (45)). They obtained better results than those provided
by Smagorinsky and dynamic models in the configuration of an air flow within a ventilated room.

In a forthcoming paper, the analysis and the derivation of heat convection models will be presented.
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